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Abstract 

Starting from the three dimensional J\f=^ BLG and J\f=Q BL theories with CS level 
k=l, a dimensional reduction is performed on the M2-branes worldvolume. The IR limit 
of these 2D EFTs should represent the action of Fl strings in type IIA. The CS term 
reduces to a particular (j)F term and the scalars and fermions get "mass" terms. The 
reduced actions still rely on three-algebra, which we did not require to define precisely. 



1 Introduction 



In the past months, a lot of work have been done on the three dimensional superconformal 
gauge theory which were conjectured to described the worldvolume of N M2-branes. The 
first serious attempt has been done by Bagger and Lambert [11 [2l [3] and Gustavsson [H [5] . 
This theory, called BLG theory, has A/'=8 supersymmetries, S0(8) R-symmetry, as expected 
on N M2-branes, and relies on an algebraic structure called 3-algebra. 

The reduction of this N M2-branes theory to the ten dimensional type IIA string theory 
was done in [121 E] where they obtained the expected gauge theory living on a N D2-branes, ie 
3 dimensional maximally supersymmetric YM. This was done using a novel Higgs mechanism 
which generated dynamics from the Chern-Simons (CS) term. 

The 7V=8 BLG theory worked on the assumption that the 3-algebra admitted a positive 
definite metric. This conditon was shown to be satisfied by only one choice of 3-algebra 
[6] and was later relaxed to define Lorentzian 3-algebras [3 El [9l [TOl [11] . These Lorentzian 
3-algebras were used in the compactification to D2-branes and the ghosts appearing there 
were taken care of in [121 HI] . 

In principle, M2-branes could also be reduced to Fl strings in type II string theory with 
a compactification along the direction of the M2-branes worldvolume. Looking for string 
actions coming from the reduction of M2-brane actions is the purpose of this paper. The 
original M2-M5 system then reduces to Fl between D4 or NS5 branes, depending on the 
embedding of the M5-branes. This was attempted in [TB], but a detailed discussion was not 
presented therein. 

Recently, another new 3 dimensional field theory with A/'=6 supersymmetry and SU(4) x U(l) 
R-symmetry was conjectured to represent the N M2-branes worldvolume [15]. Shortly after 
this. Bagger and Lambert also came with a new theory which had the same supersymmetry, 
R-symmetry and was based on a new complex 3-algebra structure [17]. With a particular 
choice of 3-algebra, this new BL theory was shown by the authors to be equivalent to the 
ABJM theory at k=l. 

The paper is organised as follows. In section 2.1, I review the k=l A/'=8 BLG theory. In 
section 2.2, I perform a dimensional reduction along the M2-brane worldvolume, i.e. x S^, 
to get an effective field theory in 2 dimensions which in the IR limit could represent a field 
theory on the Fl strings in type IIA. 

In section 3.1, I review the k=l A/'=6 BL theory and in section 3.2, I again do a dimen- 
sional reduction on x iS"^ to get an effective fields theory in 2 dimensions which in the IR 
limit could also represent a field theory on the Fl strings in type IIA. 

In both dimensional reductions, the CS action reduces to a particular 0F term. However, 
the final two dimensional actions still rely on 3-algebras and the scalars and fermions get a 
"mass" term from (j). I end with a brief discussion of the results. 

All this work assumes that the 3-algebra admits a positive definite metric and hopes that 
the eventual ghosts could be taken care of. 

Note added: While this work was in progress, [16] appeared which has overlap with section 
2.2 of this paper. 
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2 The Af=S Bagger-Lambert-Gustavsson Theory 
2.1 The original 3D A/'=8 BLG 

The BLG theory has J\f=8 supersymmetry, SO (8) R-symmetry and is formulated in terms 
of real massless 3-algebra valued fields [2]. We take k=l to simplify the calculations, but it 
should be easy to generalise. 

First, let's review the BLG action 



where 

V = ^r"''r^^,X'Jx;,'X'J'X'JX'/X'^^ = ^Tr{[X'', X'\ X'^i [X'^ X'', X'^]) (2) 
and at k=l 



1 2 

r3D _ tiuX( fabcd A/ f) a/ , ecda refgh a/ a/ \I \ /q\ 
'-CS — 2^ ^iiab'^y^Xcd ^ 9 J ^fiab^ucd^Xef) ■ \'^) 

Here, /i, i^, A = 0,1,2 run along the internal dimensions of the M2, I, J = 1...8 are the 
transverse directions and a,b, g are the 3-algebra generator indices. I gave all the 3D 
fields a prime (') because I'll drop it later for the rescaled 2D fields. 

To allow the algebra to close, the structure constants must satisfy the following funda- 
mental identity: 

refg rabc _ refa ebcg , eefb rcag , refc rabg (a\ 
J dJ g — J gJ d ~^ J gJ d ~^ J gJ d ■ 

Note that here the structure constants are real and totally antisymmetric. 
The SUSY transformations in this theory are 

5Xf = zeT'^'^ (5) 
Si^a = D.X'jT'^T^e - Ix'.^X'/X'ff^'^J^'^e (6) 

= ^e^,^JX'J^f;',r"'a (7) 

where any the tilde represents contraction with the structure constant, i.e. A"-}, = f'^'^^'b^cd- 
These transformations close on translations, gauge transformations and the following set of 
equations of motions: 

D'x'^' - \^rjx'^^[r\ - ^ = (8) 

r^D.V'l + ]^ijX'lx'i^',r'\ = (9) 

F',u\ + e,,,{X'/D'X'/ + '-4^'j'i^',)r\ = . (10) 

These equation of motions led to the lagrangian ([T]). 
The F"^'^ "'b and the covariant derivatives are defined as 

-F'^"" \ = d^A'" \ - d'^A'" \ + A'" ^A"" \ - A"" ^i'^ % (11) 

{D,X\ = d,Xi - A,\XI . (12) 
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2.2 Reduction of the Af=8 BLG to 2D 

Now, let's do a dimensional reduction along one internal direction of the M2. In order to do 
so, I reduce my A'^ from 3 to 2 dimensions and I isolate the dependance on the extra 
So, we are left with 2 A-^^, and a scalar y42„^ = 0^^, where i,j = 0, 1 are the remaining 2D 
indices, a,b,...,g indices are the 3-algebra indices and I choose fields to be independent of x^. 
I integrate over the circle of circumference R, i.e. J dx^ = R. More precisel}0, I take 

d,A'^ = d,X'J = d^ij', = (13) 

and I rescale the 3D fields to 2D fields with canonical kinetic and CS terms: 

Applying this to the original A/'=8 theory and after some tedious but simple calculations, 
the lagrangian becomes 

+ ^^-^PA^a - ^rV^a'^, (16) 

+ -^i^.TuXlxii^^r^'^' -V + Cl'^s 

where 

V = ^.r'-'r^'.XixiX^Xixjxf = Y^,Tr{[X^, X-\ X% [X^ , X' , X^]) . (17) 
The reduction of the CS action is done in the following way: 

^y's = Ir'^'i^a.d^K, + K.d' <t>c<i)e., ( - \^'{^a,A\ae^,r''')) 

+ i^^r'\r^'' {4>a,Al,Aif - A\,4>cAAif + A\,Ai,cl^,j) e,, (18) 
= + (19) 

= -\^,^P^-^e,^ (20) 

where I added a total derivative in the first line and I used the following equality which 
follows from the fundamental identity: 

i>^a~A'%A^'''e^, = ~^f'A\'A\fe,, . (21) 



^In this paper, I am not considering the effects of non-zero gauge fields and Wilson lines. I will leave it 
for future work. 
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The equations of motions ([H]) and now become 

r^AV'a + ^r^'ai^TuXiX;^ - cP,,T')ij, = (23) 

and the equations of motion is now spht in two equations, one for Fij and the other for 
F2i: 

F^,\ + e^,^''\{-^,4>'dXixi + ^V'cFVd) = (24) 

+ ei,r''\{XlD^X', + ^4rV.) = . (25) 
The SUSY transformations expand as 

5Xi = leT'ija (26) 

di^a = D^irr'e - ^4>\X^T'T'e - ^Xlxjxf f^^V'^^ e (27) 

5A,\ = ^T,TjX^ij,r''\ (28) 



b\ = ieT,TjX'M'"'\ ■ (29) 



Thus we find a simple action in 2D given by 0161) which may have some connection to Fl 
strings in type IIA. We will discuss more about this later. Next we go to the M=Q new BL 
theory. 

3 The A/^=6 new Bagger- Lambert theory 
3.1 The original 3D J\f=Q BL theory 

The new BL theory has A/'=6 supersymmetry, SU(4)xU(l) R-symmetry and is formulated 
in terms of complex massless 3-algebra valued fields. Here too, we take k=l to simplify the 
calculations, but it should be easy to generalise for arbitrary k. 

An important difference here with the BLG theory is that /"''^'^ is no longer assumed to 
be real and totally antisymmetric, but rather that it satisfies 

j^abcd jbacd jabdc j*cdab (30) 

This means that we have to be more careful with 3-algebra indices. Also, the fundamental 
identity (which is chosen to ensure closure of the algebra) is changed accordingly. It becomes 

r^\r'\ + f^'\r''d + r^^r'd + r'\r^\ = o (si) 

which is equivalent to 

yce/ j^gbad ycfea jgefd jbcd jgefa f^^^ jgcda (32) 
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The contraction of the algebra indices is now defined as: 

i/, = r'^'.A.ab E (33) 

As mentioned in [17], vl^* is antihermitian, i.e. (A^*)* = —A^i^. In order for this to be true 
and for the action to be real, Afj' also has to be antihermitian. Note that in the A/'=8 BLG 
theory we did not need any such assumption since the symmetric part was eliminated by 
contraction with f, but here antihermiticity has to be imposed from the start. 
The lagrangian in this theory is 

£f^=^ = - D'^Z'^ - zij'tl'D.ij'X -V' + C'J's 

- ir'^'^'ii^'j.^Z'.^Z'sc + 2z/«^^'^^'^^^,Zf Z'^, (34) 



where, at k=l is given by 



1 

riD _ _ tiuX( rabcd Ai a 4/ , £ racd fgefb A/ aI ai \R 

*-CS — 2 ^-^ ^/J.cb'-'u^Xda + gJ ^fiba'^udc^Xfe) U i'^^) 



The scalar potential is 

T// _ '^'Y'CDy-/Bd 
V — TT-Lr^ J-rr 



2 - ^ CD ■ 



(36) 



where 



T'CD fobc rylC rylD ryi ^ fabc S:C rylE rylD ry, , ^rabc ^D rviE rviC ryi i 

^Bd =J dZaZhZBc--! d^B^a Zh Z Ec+ -f B ^ a Z^, Z Ec ■ ' ) 



The SUSY transformations in this theory are 

5Z',^ = ze^^^^, (38) 
6^f;'B, = 7^D,Z'/eAB + r'^^.Z'^"^ Z'.^Z'cceAB + /'^"'^.Zf Z'^eCcD (39) 
M'/. = -^eABl,Z'^''i^fr', + i-e^''^,Z'Ab^'Bar'\ • (40) 

These transformations close on translations, gauge transformations and the following set of 
equations of motions: 

= rO.^lj'c, + r'^,ij'caZb''Z'oc - 2/'^^^,^^,Zf Z'cc - ecDEEr'^'.i^'I'ZfZl'' (41) 

= F',.^, + e,^,{{D'Z'J')Z'Ab - Z'J'iD'Z'Ab) - ri^'tl^i^Aa) T'd ■ (42) 

The equation of motion of the Z scalars should be found taking the supersymetric variation 
of the ■0 equation of motion fl41l) . The covariant derivative is defined this time as: 

D^Zf = d^Zj - A^'^Zt D^ZAd = d^ZAd + . (43) 



^Note the sign difference witli the previous definition in BLG. This is to the origin of the sign difference 
between equations (^0)1 and ([35]) 

■^Note that two indices are reversed from the first formulation in [T7]- Private discussions with J. Bagger 
confirmed this is the correct formulation. 
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3.2 Reduction of the Af=6 BL to 2D 

Now, I can do a similar dimensional reduction as before. I choose every fields to be indepen- 
dent of x^, use the metric f fT^ . rename A2 by and I rescale the 3D fields to 2D fields with 
canonical kinetic and CS terms in the following way: 

= R^Z'^ 4ja = Rh'A A = A[ (j) = RA'^ . (44) 

Applying this to the original ^^=6 theory, after some long and tedious calculations, the 
lagrangian becomes 

- ^r'-'i^^i^AaZ.^ZBc + '^r'^'ij^^BaZ^ZAc (45) 
^ eabcdJ.Aj.B ryC ryD ^ ^ABCD fcdab„ 



where 



V = ^J's^m (46) 



and are defined now with rescaled fields as: 

Tg^ = r'^dZ^Z^Zsc - Ir'^d&aZ^ZEc + \r''AZ^Z^ZEc . (47) 
The CS action in this theory reduces to 

2 

+ -r\r^\(l)baAidcAjf, - Aha<PdcAjfe + Aba^jdc'^/e)] 

= e'^ [MAf + ^(<^M,%i/, - A,\4>%Aj\ + Ai\A,^/\)] 

= e'^[<j),,ddf + <PbaA,%A/'] 
_ 1 
~ 2 



7^<PcbF^^e'' (48) 



where I added a total derivative in the first line and I used the following identity which comes 
from the fundamental identity as expressed in fl32l) : 

A^i^ Ayiif.A\^ g — A^^ ^Aj^df.Ax^'^ = A^abA.J' gAx^"" — A^abA^J^ Ax g . (49) 

The equation of motion of the fermion becomes 

= ^'D,i^cd + \{^''dl'i^Cc+r''d^CaZi^ZDc-2r''ADaZl^Zcc-ecDEF^^^^ (50) 
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and the gauge field equations of motion split again in Fij and F2i in the following way: 

Fii\ = e.,{^{4>\Z^ZAt + Z^4>^ZAe) + ^^h'^Aa)r\ (51) 

RF^^', = A0^d = -e,,{{D^Zf)ZAb - Z^{D^Zm) - ttl^tl'^^Aa) r\ ■ (52) 
The SUSY transformations become 

5Zi = le^^'^Bd (53) 

bi^Bd = I'D.Z^eAB + ^{- ~^''dZtl^eAB + r'"" ,Z^ Z^Zc^eAB + T^Zf Z.^Zs^ccd) (54) 

^A'd = 9 {eABl^Z^i^^r', - e^'^'^^ZAti^Bar'^) (55) 

S^'d = -i-eABl2Z^i^! r\ + i-e^''i2ZAbi^Bar'\ ■ (56) 



Thus to conclude, by dimensional reduction here I get another action fH5|) which should 
also be related to Fl strings in type IIA. 

4 Discussion 

The original 3D CFT described above are conjectured to described a M2-M5 system in M- 
theory. The IR limits, i.e. small R limit, of the compactifications presented above should be 
a reduction from M-theory to type IIA string theory. We could then be tempted to associate 
our 2D field theories to the worldvolume field theories of Fl strings between branes in type 
IIA (D4 or NS5, depending on the compactification of the M5). In the UV, i.e. large R limit, 
the actions (fT6l) and (H5l) reduce to kinetic and CS terms, but this limit does not lead to IIA 
string theory. Looking at the k ^ 1 case would be relevant since the real IR limit of the 
compactification implies different limits of k and R [T5] . 

Let us comment on the form of the 2D actions f|T6l) and fjlSj) that we are left with. The 
first notable difference between the compactification presented here and the one described in 
[T^ [7] is that the compactification direction is along the M2, ie perpendicular to the scalars. 
The associated R-symmetries in each theories are then fully preserved. The potentials ([2]) 
and (136|) and the Yukawa terms also remain unaltered by the compactification. 

Secondly, its not clear to me what is the precise connection between the two 2D theories. 
However, it is important to notice that the full 3-algebras still applies at the 2D level and is 
not broken to a Lie algebra like in previous compactifications. This is related to the fact that 
we did not make any additional assumption about the 3-algebras. It would be interesting to 
see how other types of 3-algebra [19] could be reduced to a 2D EFT. 

Note also that introduces "mass" terms for the scalars and fermions in the action, almost 
like with a Higgs mechanism. Remember that and are still non-dynamical fields. The 
(j)F term in the action is expected from the reduction of a CS term. We had to use the 
fundamental identity to reduce it to this form. What is particular here is the presence of the 
two 3-algebra indices on each of those two fields. 

It is possible that our Fl string action could be related to D-brane actions. For example, 
it is possible that the ^ terms in the actions could be mapped to the higher orders in a' of 
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IIA IIB 

Fl Fl iR 



Figure 1: Set of dualities to map Fl strings to D2-branes 



the D2-branes action shown in [IB] through the set of duahties illustrated in fig. [TJ The large 
factors could be mapped to small a' factors because of the S-duality. Again, looking at 
the k ^ 1 case would be relevant here. 
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6 Appendix: 2D chiral formulation of Af=S BLG 



Due to the presence of the matrices in the reduced action, we could be tempted to expand 
the fermions into chiral components. Remember that in 2D (and 3D) [20] 



' 1" 




"0 


1" 


-1 




1 






and 



1 
-1 



where F^ can be used to define the projection matrix in 2D (like the 7^ in 4D). 
I can split the IID fermion into its 3D chiral and anti-chiral and 8D parts: 



IID 



J 3Z) 



and '?/'=( '^^ ) 



(57) 



(5^ 
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Writing this expansion explicity in fll6p . we get 



and the SUSY transformations ( l26l) to ( l29i) become 

5xi = -^e-rV+ + ^e+rVa" 



QR 



XI vJ vK fhcd T^IJK 



This could probably be done also with the reduced M=Q BL lagrangian (145|) . 



(59) 



(60) 



(61) 
(62) 
(63) 
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